In this study, a new theory for the accurate simulation of the shear-mode behaviour of thin or thick piezoelectric sandwich composite beams is developed. The effects of transverse normal stress and transverse flexibility of layers are considered in the development of the proposed formulation. In order to increase the computational accuracy, all kinematic and stress continuity conditions are satisfied at layer interfaces. Moreover, for the first time, both the electrically induced strain components and the transverse flexibility are taken into account in the proposed formulation. Despite the fact that the number of unknown mechanical parameters in this theory is only one degree higher than the first order shear deformation theory, the accuracy is surprisingly more pronounced for the thicker beams.
Introduction
In recent years, piezoelectric materials have been widely used in the construction of smart structures. These electromechanical materials are able to control the responses of structures subjected to dynamic loading through sensing and actuating. A wide range of application for these materials is recognized in high-tech industries. Conventionally, piezoelectric actuators in a smart structure are inserted in the direction of the thickness and are usually bonded to the surfaces of the host structure. Such surface bonded actuators that induce longitudinal strains are known as extension-mode piezoelectric. Due to their inherent brittleness installing on external surface of host structures, where vulnerable to impact loads, a new adaptive sandwich structure has been suggested in which an axially poled piezoelectric layer was used between substrate layers. With the aid of the shear properties of piezoelectric materials and through applying external electric field in the thickness direction, this new approach makes it possible to induce shear strain in actuator layers and consequently gain the desired deformations.
An extensive body of research has been carried out describing the extension-mode piezoelectric actuators. Various mathematical models have been presented for structures containing extension-mode sensors and actuators. Crawley and de Luis [1] , Tzou and Gadre [2] , Wang and Rogers [3] and Sung et al. [4] used induced strain models for the representation of actuator responses of piezoelectric materials. By solving the governing differential equations for the three-dimensional (3D) theory of piezoelectricity, Brooks and Heyliger [5] , and Ray et al. [6, 7] obtained exact solutions for static analysis of extension-mode piezoelectric laminates in cylindrical bending. However, development of these solutions is a difficult task and the resulting solution cannot be expressed in a closed form for the general cases of arbitrary geometry, boundary and loading conditions. Moreover, the cost of the 3D finite element analysis is relatively high, and it poses a problem when piezoelectric layers are thin compared to the structure size. Hwang and Park [8] , Suleman and Venkaya [9] , Sheikh et al. 
Constitutive coupled equations
In the present model, the piezoelectric and non-piezoelectric materials are assumed to be orthotropic and homogeneous along the span of the beam. It is also assumed that the poling direction of the piezoelectric layers is in the x direction. Based on the previous assumptions, the 3D linear constitutive equations for the k-th layer, in its global material coordinate system, can be written as where s ij , ε ij and E i denote the stress tensor, the infinitesimal strain tensor and the electric field components respectively. D i is the electric displacement vector components, and c kl ,e ik ,χ ij are the elastic, piezoelectric and dielectric material constants. For beams with small widths, the following assumptions are made:
For the beams with infinite dimension along y direction, a state of plane strain exists, that is ε yy ≅0;γ yz ≅0;γ xy ≅0 and E y ≅0. For this case, the 3D linear constitutive relations (1a) and (1b) could be expressed as 
Approximation of the electric potential
In this study the following quadratic electric potential has been considered across the thickness direction of the k-th shear piezoelectric layer: 
where
The electric field components can be related to the electric potential using the following relations:
;
Approximation of the displacement and the strain fields
In the present study, the following refined high-order global-local displacement field is employed (k ¼1, 2, 3,…, N): w ðx; y; zÞ ¼ w 0 ðxÞ þ z w 1 ðxÞ þ z w 2 ðxÞ þ z w 3 ðxÞ þ z w 4 ðxÞ þ ∑ ψ j ðx; tÞ ðz−z jþ1 ÞHðz−z jþ1 Þ þ ∑ Ψ j ðx; tÞ ðz−z jþ1 Þ 2 Hðz−z jþ1 Þ ð7bÞ
where H(z) is the Heaviside's function. The functions u k ðx; y; zÞ and w k ðx; y; zÞ represent the horizontal (in-plane) and vertical (transverse) displacement components, respectively. The u 0 ðxÞ; w 0 ðxÞ; w 1 ðxÞ; w 2 ðxÞ; w 3 ðxÞ and w 4 ðxÞ are global displacement parameters that are independent of z coordinate. θ x ð Þ denotes the shear-bending rotation around the y axis. ψ j ðxÞandΨ j ðxÞ are functions to be determined to fulfill the transverse normal stress and stress gradient continuity conditions at the laminate interfaces. The local components u L k ðx; zÞand k u L ðx; zÞ can be chosen based on the layerwise variations concept. Therefore, if they are chosen as combinations of the Legendre polynomial to simplify the numerical integration process, one may write:
ð8bÞ u A graphical illustration of the above high-order global-local displacement field (Eq. 7) is shown in Fig. 2 . [43] Local variations of the transverse displacement component are represented by the two summations in Eq. (7b), employing a discretelayer concept. The continuity conditions of the displacement components at the laminate interfaces should be satisfied. Due to using a layerwise description for the local term, the transverse displacement component satisfies the kinematic continuity condition automatically. By imposing the continuity conditions on the in-plane displacement, the following two equations are resulted:
Eq. (9) leads to the following equations: 
The transverse shear stress of the k-th layer may be determined from the following equation:
is the transverse shear modulus of the k-th layer. Note that the simplifying assumption w k ðx; y; zÞ ¼ w 0 ðxÞ � is used in the computation of the transverse shear stress only to avoid the computational complexity. By imposing the transverse shear stress continuity condition at the mutual interfaces of the adjacent layersðτ k ðx; z k Þ ¼ τ k−1 ðx; z k ÞÞ, the following recursive condition is obtained:ðk ¼ 2; 3; :::; NÞ xz xz
Furthermore, the boundary conditions of the prescribed values of the shear tractions (that are generally non-zero values) on the top and the bottom surfaces of the shear piezoelectric laminated/sandwich beam should be satisfied. Thus, the following two boundary conditions are obtained:
where X − ðxÞ and X þ ðxÞ are the prescribed shear tractions of the bottom and the top surfaces of the beam, respectively. By using of Eqs. (10a) and (12) , the following recursive equations are obtained: 
Substituting Eq. (10b) into Eq. (13a) yields: from the recursive Eqs. (14) and (16), respectively and substituting them into Eq. (13b), u 1 2 can be eliminated. Thus, Eqs. (14) and (16) can be rewritten as:
are obtained from the procedure described above. These coefficients are only dependent on the material properties and the global coordinates of the layers.
The transverse normal stress and stress gradient in the k-th layer are determined from the following equations:
ÞÞ þ e 13 ðL 1 k ðzÞ ;z 3 ðzÞ ;z 2 ðzÞ ;z Þ ð18bÞ
Continuity of s zz and s zz;z must be fulfilled at N−1 interfaces:
zz zz
zz;z zz;z
From the recursive Eqs. (20),ψ k ðxÞ and Ψ k ðxÞ will have the following forms ðk ¼ 1; 2; ::: ; N−1Þ:
Moreover, the boundary conditions of the transverse normal stress and transverse normal stress gradient on the upper and lower faces should be satisfied: 
By substituting Eqs. (23) into Eqs. (21), ψ k ðxÞ and Ψ k ðxÞ can be rewritten as follows ðk ¼ 1; 2; ::: ; N−1Þ:
Finally by satisfying the continuity conditions and the boundary conditions, we have been able to determine all the mechanical unknowns of the displacement fields (Eq. 7) in terms of four independent mechanical unknown parameters u 0 ;w 0 ; θ and u 1 1 and electrical unknowns ϕ i b ;ϕ i and ϕ t i ði ¼ 1; 2; :::; PNÞ. Therefore, the final displacement fields of the proposed coupled refined high-order global-local c theory can be written as:
Using Cauchy's definition of the strain tensor, the in-plane, transverse shear and normal strain components may be calculated on the proposed coupled global-local description of the displacement field as:
1;x Since the functions uðx; y; zÞ and wðx; y; zÞ are coupled in the strain expression, it is expected that the presented coupled refined globallocal theory compensates to some extent for the simplifying assumption w k ðx; zÞ ¼ w 0 ðxÞ used only in the computation of the transverse shear stress.
Finite element model
In this section, a finite element representation of the displacement field described by Eq. (25) is introduced using appropriate shape functions and nodal variables. As the highest derivative of w 0 in the expression of the strain energy is of second-order, this variable was interpolated using C 1 -continuous Hermite cubic shape functions. The rotation θ is interpolated by quadratic Lagrangian shape functions to ensure obtaining more accurate results. Furthermore, if an identical order is adopted for the shape functions of both w 0;x and θ parameters in the relevant transverse shear strain components, the shear locking phenomenon may be avoided due to using a consistent displacement field [32, 44] . Finally, u 0 ; u
and ϕ i may be interpolated using Lagrangian quadratic shape functions. The proposed c t piezoelectric beam element along with its nodal degrees of freedom are shown in Fig. 3 . As shown in this figure, the beam element has three nodes with a variable number of electric potential degrees of freedom at each node. Based on Eqs. (4), (6), (25), (27) and the nodal degrees of freedom, the electric potential, displacements, strain and electric field components may be expressed in the following matrices form:
þ JðzÞ JðzÞ TðzÞ PðzÞ RðzÞ 0 0
5 
� �
The where ξ is the natural coordinate and l e denotes the length of the element (see Fig. 4 ). Using Eqs. (28) and (31), the displacements, electric potential, strain and electric field vectors may be expressed as follows:
In Eq. (35a), N denotes the displacements and the electric potential interpolation matrix. Strains and electric fields interpolation matrix is represented with B.
In the present study, the principle of virtual work is employed to extract the governing equations of the piezoelectric beam element. According to this principle, for a piezoelectric medium of volume Ω and regular boundary surface Γ, one may write [33] :
where F S ; F V ; q; Q and ρ are surface force vector, mechanical body force vector, electrical body charge, surface charge and mass density, respectively. δ u and δ φ are admissible virtual displacement and potential. Substituting Eqs. (3) and (35) into Eq. (36), and assembling the Fig. 4 . The proposed element and its longitudinal local coordinate. element equations, yields the following general static equation:
The matrices and the vectors in the above equation
B dΩ, and the loads ð37Þ vector Table 1 The material properties of the graphite-epoxy and PZT-5A shear actuator or sensor.
Property Graphite-epoxy Eq. (37) can be partitioned and re-arranged as:
where q u andq φ are the vectors of mechanical degrees of freedom and electrical degrees of freedom, respectively.
Numerical results and discussions
To assess the performance and the validity of the developed coupled theory, some examples of sandwich beams including shear piezoelectric layer (actuator/sensor) in the different boundary condition have been analyzed using the presented finite element model. The results of the present finite element are compared with the 3D exact piezoelasticity solution [42] and the 3D finite element (ABAQUS) results. The present numerical results are obtained from a MATLAB program whose algorithm is based on the theoretical formulation described in the previous section. The program allows any element at any layer to be made of different materials (piezoelectric or nonpiezoelectric).
Example 1
A simply supported piezoelectric sandwich beam with length to thickness ratio SðL=hÞ ¼ 4 (thick beam),S ¼ 10 (moderately thick beam) andS ¼ 40 (thin beam) is analyzed using the present coupled theory. As shown in Fig. 4 , we consider a sandwich beam with the top and the bottom layers made of graphite-epoxy and the central layer made of PZT-5A shear actuator or sensor. The ratio of the piezoelectric thickness layer to the laminate thickness h is assumed to be 0.2 and the non-piezoelectric layers are assumed to have equal thickness. The material properties of the graphite-epoxy and PZT-5A, shear actuator or sensor, shear actuator or sensor are given in Table 1 .
Sensor case
A sinusoidal pressure qðxÞ ¼ −q 0 sin ðπx=LÞ has been applied on the top surface of the simply supported beam (Fig. 5) . Results of the mesh convergence study are shown in Table 2 for S ¼ 10.The obtained numerical results are normalized as follows:
Herein, C 0 ¼ 21:1 GPa is the representative value of the elastic modulus for PZT-5A. Table 2 shows that the convergence rate of the proposed finite element model is very high. A mesh with 3 elements gives excellent results in the prediction of deflection of the beam. Only 5 elements are adequate to predict the induced sensory electric field in the piezoelectric layer and stress components. However, for the analysis of the problem, the beam was mathematically divided into 15 beam elements of equal lengths and three layers.
The normalized numerical results for deflection, in-plane displacement, transverse shear and normal stresses, the induced electric field at the sensory layer and in-plane stress are given in Table 3 , for three values of length to thickness ratios S ¼ 4,S ¼ 10 andS ¼ 40. The ṽ ariation of the normalized stress and the displacement components ðs xz ; s xx ; u; wÞ through the thickness (S ¼ 4 and S ¼ 40) are shown in Fig. 6 and Fig. 7 . The distribution of the induced electric field ðE z Þ across the sensory layer is also shown in these figures. Through-the thickness variation of the normalized transverse normal stress is depicted in Fig. 8 . Note that the transverse normal stresses have been calculated using two different methods: (i) employing the constitutive equations; (ii) integrating the elasticity equations in terms of the stress components, across the thickness of the beam. Results of these two approaches are shown in Fig. 8 by (C) and (E), respectively. 0.1 
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For deflection, the present model predicts the results with an error less than 0.23% for any length to thickness ratio. The model predicts the in-plane displacement and in-plane stress at the top face of the thick laminated beam with the maximum error of 3.8% and 2.02%, respectively. The error approaches zero for thin beams (S ¼ 40). The transverse shear and normal stress distributions obtained from the present model are in excellent agreement with the exact solution for both thin and thick laminated beams. The coupled proposed theory is Fig. 6 . Through-thickness distribution of w; u; sxx; sxz and Ez for the simply supported sandwich beam ðS ¼ 4Þ. also capable of predicting the induced sensory electric field with very good accuracy for thin to thick laminated beams. The error in the predicted sensory electric field is only 0.96% for thick beams. The error approaches zero for thinner beams. It can be seen that the present theory is able to accurately predict the transverse normal stress from the constitutive equations. Variations of the normalized deflection calculated at the middle of the sensory sandwich beam versus the aspect ratio are shown in Fig. 9 .
-----------~---------+-----------~--
Comparison of the present results with the results of the exact piezoelectricity solution reveals that the present beam element is free of shear locking. These results demonstrate that the developed finite element model performs well in the prediction of the sensory behavior of thick and thin sandwich beams. 
Actuator case
The actuating potential ϕðxÞ ¼ −ϕ 0 cos ðπx=LÞ and ϕðxÞ ¼ ϕ 0 cos ðπx=LÞ has been applied on the top and bottom surfaces of the piezoelectric layer, respectively (Fig. 10) . Table 4 shows the results of the mesh convergence test for S ¼ 4. Similar to the sensor case, the convergence rate of the present finite element is very high. The obtained numerical results are normalized as follows: The normalized numerical results for the transverse electric displacement, stress and displacement components are compared in Table 5 for length to thickness ratiosS ¼ 4,S ¼ 10 and S ¼ 40.
The model predicts the in-plane displacement, deflection and in-plane stresses of thin to thick sandwich beams with an error less than 3.05%. For transverse electric displacement, the present theory predicts the results with a maximum error of 0.38%, for any length to thickness ratio. Similar to the sensor model, the transverse shear stress distributions deduced from the present model are in excellent agreement with the exact solution. The error in case of thick beams, S ¼ 4is less than 2.55%. In cases with higher values of S (thinner widths), the accuracy is even more pronounced. Through-the-thickness distributions ofŵ;u;s xx ;s zz ;s xz and D z for thick and thin beams are ŝ hown in Figs. 11 and 12 .
Considering the various values for the aspect ratio, the normalized deflection of the active sandwich beam is shown in Fig. 13 along with the exact piezoelectricity solutions. It can be inferred from this figure that the present finite element does not suffer from shear lucking. Furthermore, these results demonstrate that the proposed model is efficient in predicting the actuator behavior of thick and thin smart sandwich beams. 
Example 2
In this example, a cantilever smart sandwich beam with length L¼10 cm, cross section width b¼1 cm and height h ¼1 cm is considered. Thickness of the piezoelectric layer is 0.2 h and thickness of the face sheets is assumed to be 0.4 h. The face sheets are made of graphite-epoxy and the central layer made of PZT-5A shear actuator or sensor. Material properties of the smart sandwich beam of the present example are the same as those of the previous example. Since no exact 3D piezoelasticity solution is available, for the considered example, a coupled 3D finite element analysis was performed in ABAQUS with a very refined mesh, using the 20-node piezoelectric solid element (C3D20RE). It should be noted that, the displacements and stresses are normalized as 
Sensor case
The sensory sandwich beam is subjected to distributed sinusoidal pressureqðxÞ ¼ − sin ðπx=LÞ on its top surface (Fig. 14) . In order to analyze the problem, the beam was mathematically divided into 15 beam elements of equal lengths. In Fig. 15 , through-the-thickness distributions of the stress and displacement components and the induced sensory electric field are shown. It may be observed that the depicted in-plane displacement component based on the present formulation is in excellent agreement with the coupled 3D finite element results. The error in present finite element results is 2.8% for the in-plane stress, less than 6% for the sensory electric field and 0.18% for the transverse displacement. The proposed finite element model predicts the transverse shear stresses of the sensory sandwich beam with an error less than 1.5%. Moreover, the transverse normal stresses predicted from the constitutive equations are also in good agreement with those extracted from the coupled 3D finite element analysis. These results confirm the accuracy of the proposed formulation in the prediction of the sensory behavior of sandwich beams. 
Actuator case
In this case, the cantilever sandwich shear piezoelectric sandwich beam is subjected to the actuating potential ϕðxÞ ¼ −ϕ 0 cos ðπx=LÞ and ϕðxÞ ¼ ϕ 0 cos ðπx=LÞ on its top and bottom surfaces, respectively (Fig. 16) . The results corresponding to this case study are plotted in Fig. 17 .
As shown in Fig. 17 , the prediction of the deflection by the present finite element model agrees well with the results of ABAQUS due to the inclusion of the effects of both the transverse flexibility and the electrical transverse normal strains. The model predicts the maximum deflection of the active sandwich beam with an error of less than 0.5%. Moreover, the depicted in-plane displacement component based on the present theory has an excellent agreement with the coupled 3D finite element results. The model estimates the in-plane and Graphite-epoxy transverse shear stresses with a maximum error of 0.4% and 1.5%, respectively. The effectiveness of the present theory in the prediction of the active behavior of smart sandwich beams is confirmed through these results.
Example 3
In this example, the previous smart sandwich beam with the same geometry, material and boundary conditions is considered. The aforementioned beam is subjected to sinusoidal pressures Z þ ¼ −0:5 sin ðπx=LÞ and Z − ¼ 0:5 sin ðπx=LÞ, and shear tractions X þ ¼ 5 and
on its top and the bottom surfaces, respectively (Fig. 18 ).
Through-the-thickness distributions of the stress and displacement components are plotted in Fig. 19 . These results are compared with the results of the 3D finite element analysis (ABAQUS) as a benchmark. It may be observed that the displacement components based on the present formulation are in excellent agreement with the finite element results. The error of the present results is 2.17% for the in-plane displacement and 0.64% for the transverse displacement. Moreover, the proposed finite element model predicts the in-plane stress with an error less than 8.8%. As shown in Fig. 19 , the prediction of the transverse shear and normal stresses by the present theory agrees well with the results of ABAQUS due to the inclusion of the effects of the non-zero shear and normal tractions. The model predicts the transverse shear and normal stresses of the sensory sandwich beam with an error less than 5% and 3%, respectively.
Example 4
In order to compare the behavior of beams with shear and extension actuation mechanisms, two sets of beams with small width are considered in this example. The first set concerns beams with shear-mode piezoelectric actuators, while the second set represents beams with extension-mode piezoelectric actuators. The geometric configurations, stacking sequence and poling direction of these two sets of beams are presented in Fig. 20 . The piezoelectric layers are made of PZT-5A. The material properties considered for the aluminum are Young's modulus E ¼ 73 GPa and Poission's ratio v ¼ 0:3. In order to bend the beams, voltages are applied at the top and the bottom surfaces of the piezoelectric layers. For both shear and extension actuation mechanisms, the actuating potential ϕðxÞ ¼ 1 V is applied to the top surface of the piezoelectric layer, while the bottom surface is grounded.
The deflection induced by the actuators is calculated for beams with C-F (clamped-free), S-S (simply support) and C-C (clamped clamped) boundary conditions. For these various boundary conditions, the transverse deflection of beams with shear and extension piezoelectric actuators is shown in Fig. 21 . Through-the-thickness distribution of the in-plane stress at different sections of beams is also shown in Fig. 22 . In case of C-F boundary conditions, it is observed that the tip deflection is slightly smaller for the beams with shear actuation mechanism. However, as can be seen from Fig. 22 , the maximum in-plane stress in the shear piezoelectric actuator is about 20% lower than the extension piezoelectric actuator. The transverse shear and normal stresses for both shear and extension piezoelectric actuators are negligible. It can be observed from Figs. 21 and 22 that unlike the extension actuation mechanism, which cannot produce bending deflection in the C-C beam, the shear actuation mechanism can generate deflection in the C-C beam at a low stress level. In the case of S-S boundary conditions, the shear actuation mechanism cannot produce bending deflection in the beam.
This example shows that the main advantage provided by the shear actuation mechanism is in its lower stresses in the piezoelectric actuator. Since piezoelectric materials are very brittle, high stresses are detrimental for the structural integrity of the actuator. Moreover, in conditions such as beams with C-C boundary conditions, the shear-mode piezoelectric actuators can generate deflection in the host beam.
Conclusions
A computationally economic and accurate coupled refined global-local finite element model is presented for static response of shear piezoelectric sandwich beams. By using this proposed theory, all kinematic and stress boundary conditions are satisfied at the interfaces of the piezoelectric layers with non-zero longitudinal electric field. Moreover, both electrical transverse normal strains and transverse flexibility are taken into account for the first time in the present theory. Also, the non-zero shear and normal traction boundary conditions on the top and the bottom surfaces of the beam are satisfied for any electrical boundary conditions. The describing expression of the in-plane displacement of the beam contains a high-order polynomial, an exponential expression and a layerwise term containing the electrical unknowns. The transverse displacement is introduced using a combination of continuous piecewise fourth-order polynomial with layerwise components and a first order differentiation of electrical unknowns. A quadratic electric potential is also assumed in the piezoelectric layers. In the proposed finite element formulation, the mechanical number of the unknown parameters is very small and is independent of the number of the layers. Besides, the shear locking phenomenon does not appear in the proposed smart beam element. In order to verify the accuracy of the proposed finite element formulation, some comparisons have been made with the results obtained from the coupled 3D finite element (ABAQUS) analysis and 3D theory of piezoelasticity. To this end, various electro-mechanical bending tests for shear piezoelectric sandwich beams with different geometric parameters and boundary conditions are considered. The comparisons show that the presented coupled finite element formulation, besides its advantages of low computational time due to using small number of the unknown parameters, is sufficiently accurate in the modeling of thin and thick piezoelectric sandwich beams under different mechanical and electrical loading conditions. The presented theory not only shows its superiority for thin beams (S ¼ 40) but also presents its higher level of accuracy for thick beams (S ¼ 4).
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